Abstract. We will show a conjecture which reduces Mazur-Tate-Teitelbaum conjecture to the known cases. In order to explain its background we will develop an archimedian analog of Iwasawa theory. Moreover consequences of the conjecture which are related to Birch and Swinnerton-Dyer conjecture will be discussed. AMS classification 2000: 11F11, 11F67, 11F85, 11G05, 11G40
Introduction
In this report we will describe a conjecture which reduces Mazur-Tate-Teitelbaum conjecture (see Conjecture 3.1) to the known cases. We fix a prime p greater than or equal to 5 . Let E and E ′ be elliptic curves defined over Q. We say that they have ordinary reduction of the same type at p if one of the following conditions holds:
(1) they have good ordinary reduction at p and the cardinality of F p -rational points of their reductions are equal, (2) they have split multiplicative reduction at p, (3) they have non-split multiplicative reduction at p. In particular if E has ordinary reduction at p and if their reductionẼ p andẼ ′ p are isomorphic over F p they have the same type. construct such a curve by a quadratic twist of E.
Let us briefly explain a motivation of the conjecture. Let Γ ∞ be the set of p-adic integers congruent one modulo p. For an elliptic curve defined over Q which has ordinary reduction at p, Mazur, Tate and Teitelbaum constructed an element µ E,p ∈ Z p [[Γ ∞ ]] which interpolates special values of twisted L-function of E at s = 1 (see Fact 2.1). The p-adic L-function of E is intuitively L E,p = χ s (µ E,p ), where χ s is a character of Γ ∞ defined by χ s (x) = x −s . Let E and E ′ be elliptic curves defined over Q which have ordinary reduction of the same type at p and χ a character of Γ ∞ of finite order. Then
where φ is a homomorphism of Z p [[Γ ∞ ]] induced by an automorphism x → x p−1 (x ∈ Γ ∞ ) and σ is an isomorphism from C p to C. Suppose we were able to constructed a C-valued measure ξ ∞,E and ξ ∞,E ′ on Γ ∞ satisfying (1) χ(ξ ∞,E ) = L(E, χ 1−p , 1) for a finite character of Γ ∞ , (2) χ s (ξ ∞,E ) = L(E, 1 + (1 − p)s), and so does ξ ∞,E ′ . If we brutely replace χ in the above equation by χ s we will obtain
which implies Conjecture 1.1. In order to realize this idea we will develop a C-valued measure theory on Γ ∞ for an elliptic curve in $2.2 and $2.3, which is an arichmedian analog of Iwasawa theory. The motivation will be explained in $2.4. (Note that the naively conjectured this equation is seemed to be too strong. In fact if E and E ′ has a split multiplicative reduction at p and if their L-functions does not vanish at s = 1 it says that their L-invariants should be equal. But this fact is true if E ′ is a quadratic twist of E, which we may impose to derive consequences from Conjecture 1.1.) In $3.1 we will discuss a relation between Conjecture 1.1 and the conjecture of Mazur-Tate-Teitelbaum. The remaining sections will be devoted to an application to Birch and Swinnerton-Dyer conjecture.
Throughout the paper we will use the following notation. p will be a prime greater than or equal to 5. Let G be a group and K be a commutative field. We denote the group ring of G whose coefficients are in K by K [G] . Fixing an embedding we will considerQ as a subfield of C and C p .
2.
A motivation of the conjecture 2.1. Review of the theory of p-adic measures. In this section we will review the theory of p-adic integrals and p-adic L-functions. Details will be found in [3] , [6] and [7] .
For a positive integer r let Γ r be the kernel of the mod p reduction map,
It is isomorphic to an additive group Z/(p r ) and taking the inverse limit we have
Explicitly Γ ∞ is the set of p-adic integers congruent to 1 modulo p and
The isomorphism between Γ r and Z/(p r ) is still denoted by log. There is an isomorphism
Let γ ∈ Γ ∞ be a topological generator so that log γ = 1. Taking the inverse limit of (1) we have
Via ̟ p we sometimes identfy t with γ − 1. Putting
̟ p yields an injective homomorphism of C p -algebras:
More explicitly using p-adic integral
Let a ( = 1) be a p-adic integer that is congruent 1 modulo p. We define a Dirac measure δ a supported at a to be
where (δ a ) r ([a]) = 1 and (δ a ) r (x) = 0 if x = [a]. Here [a] is the image of a by the natural projection Γ ∞ → Γ r . A simple computation shows the following lemma.
Lemma 2.1.
where
For an example let us take a = γ. Then (1) is a consequentce of (2). Let C p [δ a ] be a subalgebra of Λ Cp generated by δ a , which is easily seen to be isomorphic to a ring of polynomials of one variable whose coefficients are in C p . In fact let us consider a subsemigroup a N := {a m | m ∈ Z, m ≥ 0} of Γ ∞ which is isomorphic to N := {x ∈ Z| x ≥ 0}. Then
We put X a = δ a − 1 and define
Then M p and N are generated by t and X a , respectively. Let
for every positive integer r. Passing to the inverse limit we see that
and that τ p is completed to an isomorphism:
Summarizing we have proved the following.
Proposition 2.1. Let a be an integer greater than 1 that is congruent to 1 modulo p.
and it is completed to an isomorphism
In particular the natural map
is injective. 
] → C p be the evaluation at the origin: e 0 (f ) = f (0). The following is derived from (3).
This shows that M p is equal to the intersection of Λ Cp with the argumentation ideal of
We take a system of primitive p n -th roots of the unit {ζ p n } n satisfying ζ p p n+1 = ζ p n . According to a decomposition of Galois group:
is isomorphic to Γ ∞ and we will identify them. Then As we have explained before, the projective limit
Let E be an elliptic curve defined over Q which has either good reduction or multiplicative reduction at p. Take a prime l different from p and let α E ∈ Z × p and β E = p/α E ∈ pZ p be the eigenvalues of the l-adic representation of p-th power Frobenius on the Tate module T l (E) if E has good ordinary reduction and (α E , β E ) = (1, p) (resp. (−1, −p)) if E has split (resp. non-split) multiplicative reduction at p. For a finite character χ of Gal(Q ∞ /Q) whose conductor p n let W (χ) be the Gauss sum:
We fix an isomorphism σ :
(1) If E has good ordinary reduction at p,
(2) If E has multiplicative reduction at p,
(3) Let χ be a character of Gal(Q ∞ /Q) of finite order whose conductor p n > 1. Then
Here 1 is the trivial character and Ω E is the fundamental real period of
Let φ and ι be automorphisms of Γ ∞ defined to be
and the induced automorphisms on Λ Cp are still denoted by the same character.
The following follows from Fact 2.1 and Lemma 2.3 Proposition 2.2.
2.2.
An archimedian analog of the p-adic measure. We want to develop an analog of the p-adic measure theory over C for a certain Dirichlet series. For ρ ∈ R let H ρ be a right half plane defined by H ρ := {z ∈ C : Re z > ρ}.
Definition 2.1. A Dirichlet series
will be called regular if it satisfies the following conditions: 
is also continued to the whole plane as an entire function.
We will denote the set of regular Dirichlet series by R. By definition it is contained in the commutative algebra O C of holomorphic functions on C. In fact it is a subalgebra. We only check that it is closed by a multiplication. Let A(z) = (1) and (2). For 1 ≤ c ≤ p r a simple computation shows
and this implies (3). For A(z) = ∞ n=1 a n n −z ∈ R, we define
where [·] r represents the residue class. Then {µ O,r (A)} r forms a projective system and we set
, which is a homomorphism of algebras by (5) . LetΛ O be its image. Note that a regular Dirichlet series A is recovered from µ O (A). In fact we associate a function
on H ρ × H ρ and by analytic continuation we have a map
where O C×C is the set of holomorphic functions on C × C. Thus
and since p * is an injective homomorphism, R
and setτ C :=τ O ⊗ O,e C. Let µ C be the composition of
Then by (6)τ
and we have proved the following proposition.
are an isomorphism and an injective homomorphism, respectively. Moreover
Here is an example. Let b( = 1) be a positive integer prime to p and set D b := b 1−z , which is a regular Dirichlet series. Then
] be the composition ofτ C with the Taylor expansion at the origin:
which is injective by Proposition 2.3. It is easy to check that ] is a subalgebra ofΛ C which is isomorphic to the polynomial ring of one variable and it is esy to see that
Thus we have shown that the each arrow of
is injective. Since the dimension of both side are equal they are isomorphic. The following is an archimedian analog of Proposition 2.1.
(2) The natural mapΛ C →Λ C is injective.
Proof. Take the limit of (8) we obtain (1).
] is the Taylor expansion at s = 1 and it is injective. Since vertical arrows are isomorphisms we obtain (2).
But there is a slight difference. Namely Λ Cp is a subalgebra of
and we define Λ C := φ(Λ C ). Let α Λ C be the restriction of the argumentation of C[[Γ ∞ ]] to Λ C and M ∞ its kernel. Set a := b p−1 and X a := δ a − 1. Then C[X a ] is a subalgebra of Λ C isomorphic to a polynomial ring of one variable and φ yields a isomorphism:
, we obtain the following diagram.
By (8) upper horizontal arrows are isomorphisms. Since the both φ are isomorphic so is i.
(The reason that the right φ is isomorphic is φ :Λ C → Λ C is surjective and φ −1 (M ∞ ) = MΛ C .) Defineτ ∞ and φ to bê
and
Take the limit of (9) and we havẽ
whereν and ν are natural homomorphisms and every arrow in the right rectangle is an isomorphism. As we have shown in Proposition 2.4ν is injective and by definition the most left φ is surjective. A diagram chasing shows that ν is injective and that the most left φ is also an isomorphism. Let us denote τ ∞ =τ ∞ • ν. Here is an archimedian analog of Proposition 2.2.
Proposition 2.5.
(1) 
Since A is regular, we obtain the claim.
Let E be an elliptic curve defined over Q and N E its conductor. Since it is modular [1] there is a cusp form f E of weight 2 and level N E associated to E and let
be the Fourier expansion at i∞. Removing the Euler factor L p (E, z) at p we define the modified L-function of E to be
Since its partial Dirichlet series
is a Mellin transform of (f E ) a p r Lemma 2.4 and the cuspidality of f E imply that L † (E, z) is a regular Dirichlet series. Now we set
Let χ be a character of Z × p of finite order whose conductor is p r . It defines a homomorphism
and the composition it with the projection
Thus we see
by Lemma 2.3. Proposition 2.5 implies the following theorem, which should be compared to Fact 2.1.
Theorem 2.1. Let E be an elliptic curve defined over Q. Then φ(µ E,∞ ) ∈ Λ C satisfies the following properties.
for a non-trivial character χ of Γ ∞ of finite order.
Our measure is related to Kato's system which will be recalled below. Let T p (E) and V p (E) be the Tate module of E:
Q n,p denotes the completion of Q n by the unique prime on p. Let H 1 S (Q n,p , V p (E)) ⊂ H 1 (Q n,p , V p (E)) be the image of E(Q n,p ) ⊗ Q p by the Kummer map and
Let ω E be the canonical invariant differential associated to the minimal Weierstrauss model of E. Then there is an isomorphism called dual exponential map:
and we obtain a map
Fact 2.2. ([4], [11] Corollary 7.2) For every n there is
Cor n,n+1 (c n+1 ) = c n .
where Cor n,n+1 :
be the composition of
, where the first arrow is the localization and the second is the natural projection. Then σ(
for any character χ of Γ n . Here r E is a positive integer which depends only on E and Ω E is the fundamental real period. 
Then {κ n } n forms a projective system by Fact 2.2 and
for any finite character χ of Γ ∞ by Lemma 2.3. Since
if E has a split multiplicative reduction at q: 1 + t, if E has a non-split multiplicative reduction at q: 1, if E has an additive reduction at q, Theorem 2.1 implies the following result.
Proposition 2.6.
2.4.
A motivation of the conjecture. Now we are ready to explain a motivation of Conjecture 1.1. We will fix a positive integer b greater than 1 which is prime to p and set a = b p−1 . In order to make a distinction between p-adic and archimedian logarithm of a we denote them by l p (a) ∈ C p and l ∞ (a) ∈ C, respectively. We refer an isomorphism σ :
as a power series of s and in particular
Finally we define σ :
to be the inverse limit of
Since σ is normalized, 
by Proposition 2.1 and Proposition 2.4. Therefore we see that, for λ ∈ Λ,
. Let E and E ′ be elliptic curves satisfying the assumption of Conjecture 1.1. By Proposition 2.2 and Theorem 2.1 we see that
Now Conjecutre 1.1 will be derived by (10), (12), Proposition 2.2 and Theorem 2.1.
Unfortunately there seems to be a mistake in the above argument. In fact suppose that both E and E ′ have a split multiplicative reduction at p and that their L-function does not vanish at s = 1. Take the image of (13) byτ ∞ and the formula of the first derivative of p-adic L-function ( [2] , [5] ) will tell us that their L-invariants should be equal! Since we cannot solve this puzzle the above argument should be considered as only an explanation and not a proof. But suppose that E ′ is a quadratic twist of E (as we will see in the next section, in order to derive consequences from Conjecture 1.1, we may impose this). Because they are isomorphic over Q their j-invariants are equal and so are L-invariants since the Tate period is determined by the j-invariant ( [7] Chapter II $1 (2)).
Conjecture 2.1. Let E and E ′ be elliptic curves defined over Q. Suppose that E ′ is a quadratic twist of E and that they have ordinary reduction of the same type at p. Then
Although our argument may be incomplete it will explain why an extra zero appears. We will follow the notation of [11] Appendix. Suppose that E has a split multiplicative reduction at p. For simplicity we will omit to write the isomorphism σ : C p → C and will make no distinction betweenτ p andτ ∞ , which will be denoted byτ . Let us put
One may check that {x n } n is compatible with the corestrictions and that {w n } n forms a projective system. According to Coleman define
It is known that it is contained in Z p [Γ n ] and that ([11] Corollary 7.2)
By Theorem 2.1 and Proposition 2.6 the second term iŝ
and therefore
But whatτ (φ(w ∞ )) should be? By [11] Lemma A.1 (2) we know that
Now remember that W (χ) appears in the functional equation of Dirichlet series:
If we were able to replace χ by χ s as the introduction it would be
and since the zeta function has a simple pole at s = 1 the order ofτ ∞ (φ(w ∞ )) at s = 0 is one.
3. Consequences of the conjecture 3.
1. An application to Mazur-Tate-Teitelbaum conjecture. Let E be an elliptic curve defined over Q. The following conjecture is due to Mazur, Tate and Teitelbaum.
Conjecture 3.1.
(1) Suppose that E has an good ordinary or a non-split multiplicative reduction at p. Then
(2) Suppose that E has split multiplicative reduction at p. Then
Suppose that L(E, 1) = 0. If E has a good ordinary or a non-split multiplicative reduction at p the conjecture is trivially true by Fact 2.1. If E has a split multiplicative reduction it has been proved by Greenberg and Stevens [2] . Later Kobayashi gives an elementary proof of their statements using Kato's result [5] . Obviously our conjecture follows from Conjecture 3.1. Conversely, using a theorem due to Ono and Skinner [8] , we will show that Conjecture 1.1 implies Conjecture 3.1.
Let Π = {p 1 , · · · , p t } be a set of mutually distinct primes and take ǫ = (ǫ 1 , · · · ǫ t ) where ǫ i ∈ {±1}. Then we define P (Π, ǫ) to be a set of square free fundamental discriminants D which satisfy
where ( · · ) denotes Legendre symbol. For a square free fundamental discriminant D let E D be the twist of E over Q( √ D). Namely if
is a Weierstrauss form of E, E D is defined to be
. Proof of Conjecture 1.1 ⇒ Conjecture 3.1. By Fact 3.1 we know that there is a square free fundamental discriminant D satisfying ( D p ) = 1 and L(E D , 1) = 0. The first condition guarantees that E and E D have ordinary reduction of the same type at p. As we have mentioned before the conjecture is true for E D and Conjecture 3.1 is derived from Conjecture 1.1.
3.2.
A review of Iwasawa theory for an elliptic curve. Let E be an elliptic curve defined over Q with good ordinary reduction at a prime p ≥ 5. We denote the Selmer group of E over Q n by Sel(Q n , E[p ∞ ]) and define
where limits with respect to restrictions. In general let M be a profinite Z p -module. Its p-adic and rational p-adic Pontryagin dual is define to be
respectively. The subscript conti means the set of continuous homomorphisms. By
which is a discrete valuation ring whose valuation ideal is generated by t.
) and the order of its generator with respect to t is denoted by ord t Char(X ∞ ).
Proposition 3.1.
Proof. Immediate from [9] Lemme 6.6.
Let X(E/Q) be the Shafarevich-Tate group. Taking rational p-adic Pontryagin dual of
Propositon 3.1 implies the following theorem.
Moreover if X(E/Q)[p ∞ ] is finite the equality holds.
3.3.
Birch and Swinnerton-Dyer conjecture for a semistable elliptic curve.
Lemma 3.1. Let E be an elliptic curve defined over Q and L be a quadratic extension of Q. Then for any odd prime p and a positive integer r the restriction gives an isomorphism,
Proof. Since p is odd and since the order of Gal(L/Q) is two,
Therefore the inflation-restriction sequence implies
is isomorphic (resp. injective). A simple diagram chasing shows that f is an isomorphism. 
(2) p is a good ordinary prime of E which satisfies
Proof. By Fact 3.1 there is a fundamental discriminant satisfying (1). Let us fix one of them. Then by [4] we know that X(E D /Q) is a finite abelian group. Since E is semistable it does not have complex multiplication and, due to Serre, the density of supersingular primes of E is 0. Therefore there is a prime satisfying (2) . The following theorem is a direct consequence of [14] Corollary 3.6.10. Theorem 3.2. Let E be a semistable elliptic curve defined over Q. Let p ≥ 11 be a prime where E has good ordinary reduction. Then 
ord s=1 L(E, s) = ord t Char(X ∞ ).
On the other hand since E and E D are isomorphic over Q( √ D), by Lemma 3.1, Kato has shown that L(E D , 1) = 0 implies finiteness of X(E D /Q)( [4] ). Thus (15) shows that X(E/Q)[q ∞ ] is finite for an odd prime q and moreover vanishes except finitely many primes.
3.4.
Birch and Swinnerton-Dyer conjecture for an elliptic curve defined with a complex multiplication. Let E be an elliptic curve defined over Q whose endomorphism ring is isomorphic to the integer ring O K of a quadratic imaginary field K. Then the following is a direct consequence of [10] [10] . Therefore there is an odd prime p which does not divide the discriminant of E and satisfies
The last condition gurantees that E has good ordinary reduction at p and that E and E D are of same type at p. Now the remaining of a proof is the same as one of Theorem 3.3 (One uses Theorem 3.4 in stead of Theorem 3.2).
